Abstract. We describe a coordinate-free notion of conformal nets as a mathematical model of conformal field theory. We define defects between conformal nets and introduce composition of defects, thereby providing a notion of morphism between conformal field theories. Altogether we characterize the algebraic structure of the collection of conformal nets as a symmetric monoidal tricategory. Dualizable objects of this tricategory correspond to conformal-net-valued 3-dimensional local topological quantum field theories. We prove that the dualizable conformal nets are the finite sums of irreducible nets with finite µ-index. This classification provides a variety of 3-dimensional local field theories, including local field theories associated to central extensions of the loop groups of the special unitary groups.
Mathematical models of quantum field theory have transformed our understanding of topological invariants of low-dimensional manifolds. Witten initiated this process in 1989 by introducing a collection of 3-manifold invariants defined as Feynman path integrals of the Chern-Simons action over a space of connections [12] . This formulation of topological invariants gave a physical explanation for the Jones, HOMFLY, and Kaufmann polynomial invariants of knots, and provided new knot and 3-manifold invariants by considering path integrals over spaces of G-connections for arbitrary simple Lie groups G. By construction, these 3-manifold invariants came from "topological quantum field theories" associating a system of algebraic invariants to all 2-dimensional manifolds and 3-dimensional manifolds with boundary. In 1991, Reshetikhin and Turaev gave a mathematical construction of these systems of invariants, and proved that the invariants come from an "extended topological quantum field theory" that gives invariants of 1-manifolds, 2-manifolds with boundary, and 3-manifolds with codimension-2 corners [8] . Physical quantum field theories associate algebraic data to neighborhoods of manifolds of any codimension, in particular to regions of spacetime localized to a neighborhood of a single point. It has been an open question whether there exist such fully "local" topological quantum field theories, which provide algebraic invariants of 0-manifolds, 1-manifolds with boundary, 2-manifolds with codimension-2 corners, and 3-manifolds with codimension-3 corners. The purpose of this paper is to outline a proof that there does indeed exist a large class of local topological quantum field theories in dimension 3.
Overview and statement of results
Algebraic structure of conformal field theories. Our construction of 3-dimensional local field theories relies on a new understanding of the algebraic structure of the collection of all conformal field theories. Specifically, we introduce a notion of morphism between conformal field theories, and morphisms between these morphisms, and morphisms between these morphisms of morphisms-altogether we recognize that conformal field theories form the objects of a tricategory. Zero-dimensional manifolds also form the objects of a tricategory, whose 1-, 2-, and 3-morphisms are respectively 1-, 2-, and 3-dimensional manifolds. Conformal field theories are therefore a natural candidate for the algebraic invariants associated to 0-manifolds in a 3-dimensional local field theory.
We use a particular mathematical formulation of conformal field theories, namely conformal nets. The basic data of a conformal net, inspired by algebraic quantum field theory, is the Though conceptually straightforward, the precise definition of a symmetric monoidal tricategory is rather involved and will be suppressed in this paper. Denote the tricategory of conformal nets by CN. We develop local field theories with values in conformal nets, which is to say symmetric monoidal functors from the tricategory of 0-, 1-, 2-, and 3-manifolds to CN.
Classification of dualizable conformal nets. Topological quantum field theories have the feature that the invariants associated to large manifolds are determined by gluing together the invariants associated to small manifolds. In the same vein, a local topological quantum field theory is entirely determined by the algebraic invariant associated to a point. To produce conformal-netvalued local field theories, we must therefore answer the question, "When is a conformal net the invariant assigned to a point by a local field theory?" By a theorem of Hopkins and Lurie [4] , the point invariant of an n-dimensional local field theory is always a dualizable object of the target algebraic n-category, and conversely any dualizable object is the point invariant of a local field theory. We precisely classify the dualizable conformal nets:
Theorem 2. A conformal net is dualizable if and only if it is a finite direct sum of irreducible nets with finite µ-index.
Here the µ-index of an irreducible conformal net is the dimension of the representation category of the net, which is to say the sum of the square dimensions of all representations of the net [6] . We refer to nets that are finite sums of irreducible finite µ-index nets as "finite". Altogether we have the following: Corollary 3. For any finite conformal net N , there exists a 3-dimensional local topological quantum field theory F such that the invariant F ( ) assigned to the point is the net N .
Note that this corollary depends on the compatibility of our preferred notion of symmetric monoidal tricategory with the one utilized by Hopkins and Lurie.
Various conformal nets are known to be finite. For example, there is a finite net N (LG) associated to any positive central extension LG of the loop group LG of the special unitary group G = SU (n) [11, 10] -the algebras of observables for this net are the algebras of operators of local loops in the vacuum representation of LG. The local field theory F N (LG) associated to such a net assigns an invariant to the 1-manifold S 1 , the circle-that invariant F N (LG) (S 1 ) is an algebra whose category of modules is expected to be isomorphic as a fusion category to the category of representations of LG, which is to say to the invariant associated to a circle in the Reshetikhin-Turaev extended field theory. The nets associated to positive central extensions of other loop groups are also expected to be finite [3] , but this has not yet been established. Another example of a finite net, constructed by Kawahigashi and Longo [5] , is the Moonshine net whose automorphism group is the Monster group.
Background and synopsis. A 3-dimensional TFT, in the sense of Atiyah and Segal, is a symmetric monoidal functor from the bordism category Bord 3 2 of 2-manifolds and 3-manifold bordisms, to the category Vect of vector spaces. An extended TFT, a la Reshetikhin and Turaev, is a symmetric monoidal functor from the extended bordism bicategory Bord 3 1 of 1-, 2-, and 3-manifolds, to a target bicategory B. Not every bicategory B is an appropriate target for an extended TFT: the restriction of the extended TFT functor to the ordinary bordism category Bord 3 2 should produce an ordinary TFT. The bordism bicategory deloops the ordinary bordism category, in the sense that ΩBord (1, 1) = Bord 3 2 . The target bicategory B must similarly deloop the category of vector spaces, that is satisfy the condition ΩB = Vect. Two natural bicategories that have this property are the bicategory of Vect-module categories and the bicategory of algebras; the former is more categorical in character, the latter more algebraic.
A local TFT is a symmetric monoidal trifunctor from the tricategory Bord 3 0 of 0-, 1-, 2-, and 3-manifolds to a target tricategory C. The bordism tricategory double deloops the ordinary bordism category, and similarly the target tricategory should satisfy the condition Ω 2 C = Vect. The tricategory TC of tensor categories satisfies this condition, and so can function as a target for local field theory. The conformal net tricategory CN is a more algebraic, less categorical alternative. Indeed, we will see that conformal nets have underlying vector spaces with not one, but two distinct algebra structures, and in this sense represent a theory of higher or "2"-algebra.
In the first section below, we give a precise definition of the notion of 2-algebra. We then define conformal nets and observe that a conformal net has an underlying 2-algebra. We introduce defects, fusion of defects, and sectors between defects, and discuss the proof of Theorem 1. In the second section, we review the notion of dualizable objects in higher categories, and discuss finiteness properties for nets, defects, and sectors. We explain the relationship between dualizability and finiteness for nets and describe the proof of Theorem 2. Along the way we construct not just a set but a tricategory of conformal-net-valued local field theories. We conclude by discussing the loop group nets and their associated field theories.
2-algebras and conformal nets
2-algebras. In 1962, Eckmann and Hilton [2] observed that if V is a vector space with two commuting unital algebra structures, then the two algebra structures are commutative and equal. Denoting one multiplication horizontally and the other vertically, this follows from the equation
This simple observation has stymied investigation of multiple algebra structures on vector spaces. We avoid the Eckmann-Hilton dilemma by weakening the associativity condition on the second of the two multiplications, demanding that the vertical multiplication is associative only up to a horizontal conjugation: Definition 1. A 2-algebra is a unital associative algebra A, together with an algebra homomorphism µ :
, and an invertible element v ∈ A such that
Notice that because µ is an algebra homomorphism, the two multiplications of a 2-algebra commute strictly; that is,
, where we have denoted the associative algebra multiplication of A, as usual, by ab. Remark 1. Though our notion of 2-algebra is completely algebraic, the reader may recognize the echos of the homotopical structure of E 2 -algebras, as follows. Let A be a 2-algebra. We define a ∈ A and b ∈ A to be homotopic if b = vav −1 , for v the distinguished element in the definition of a 2-algebra; denote by ∼ the equivalence relation multiplicatively generated by this notion of homotopy. For each element a ∈ A, there is an associated element [a] := ( 1 a )
In this sense the horizontal multiplication is "algebraically homotopically commutative".
Remark 2. In a monoidal category C, the tensor map ⊗ : C × C → C is not strictly associative, but is subject to the existence of an associator transformation C × C × C C satisfying the pentagon axiom. The distinguished element v ∈ A in a 2-algebra plays a role analogous to the associator transformation: by condition (1) of Definition 1, horizontal conjugation by v implements vertical associativity. Condition (2) 
, is therefore a purely algebraic analogue of the categorical pentagon axiom.
Conformal nets. Conformal nets are, in a sense we make precise presently, topological 2-algebras. Conformal nets are usually defined as nets of von Neumann algebras on the standard circle. Recall that von Neumann algebras are unital * -subalgebras of the bounded operators on complex Hilbert space that are closed in the weak topology, or alternately in the topology of pointwise convergence. We adopt a more coordinate-free perspective on nets, as follows. Let Int denote the category whose objects are oriented intervals, that is non-empty, connected, simply connected, compact 1-manifolds with boundary, and whose morphisms are not-necessarily orientation-preserving embeddings. Let vNalg denote the category whose objects are von Neumann algebras and whose morphisms are all homomorphisms and antihomomorphisms.
Definition 2.
A conformal net N is a cosheaf of von Neumann algebras on the category of intervals. That is, a conformal net is a continuous covariant functor N : Int → vNalg taking orientation-preserving embeddings to homomorphisms and orientation-reversing embeddings to antihomomorphisms, subject to the following conditions, for I and J subintervals of the interval K:
1. Isotony The induced map N (I) → N (K) is injective. 
A net is irreducible, by definition, if for all I the algebra N (I) is a factor, that is the center Z(N (I)) is C. Note that, as all intervals are isomorphic, a net N has a uniquely determined underlying algebra, namely N ([0, 1]). The definition of a net is partially elucidated by observing that this algebra is in fact a 2-algebra:
For N a conformal net, the algebra underlying the von Neumann algebra 
For technical reasons involved in the proof of Theorem 6 below, we restrict attention to conformal nets that are direct sums of irreducible nets with finite µ-index-see the next section for a discussion of the µ-index. Henceforth, we let 'conformal net' refer to only nets of this form.
Algebras are the objects of a symmetric monoidal bicategory; we might expect 2-algebras to form the objects of a symmetric monoidal tricategory. We prove that this is indeed the case, provided we work not with 2-algebras but with conformal nets. The loop category of algebras is the category of vector spaces, and the double loop category of conformal nets should also be a category of vector spaces-in fact the objects of this double loop category will have the structure of Hilbert spaces. Let Cat ⊗ denote the 2-category of symmetric monoidal categories. The symmetric monoidal bicategory of algebras is conveniently encoded as a category internal to Cat ⊗ : the object symmetric monoidal category is algebras and algebra homomorphisms, and the morphism symmetric monoidal category is bimodules and bimodule maps. For conformal nets, we analogously encode the structure of a symmetric monoidal tricategory as a bicategory internal to Cat ⊗ . The following is therefore a slight refinement of Theorem 1: Before we can describe the proof of Theorem 5, we need, of course, to define defects and sectors.
Defects and sectors. A conformal field theory associates, in particular, evolution operators to conformal surfaces. Traditionally, a defect associates operators to a conformal surface which is 'bicolored', that is in which some regions are labeled with one CFT and other regions are labeled by a second CFT-the defect resides along the 'color' change between these regions and is viewed as a transformation between the two CFTs. In the formalism of conformal nets, a conformal field theory is described by algebras of operators associated to intervals, and correspondingly a defect is encoded in a collection of algebras of operators associated to bicolored intervals. By definition a bicolored interval is an oriented interval I equipped with two subintervals I w (the white subinterval) and I b (the black subinterval) such that I = I w ∪ I b and either I b = ∅ or I w = ∅ or I = I w ∨ I b ; here ∨ indicates the union along a point. In the last case, the bicolored interval is moreover equipped with a local coordinate c : Nghd(I w ∩ I b ) → R around I w ∩ I b , with c −1 (R ≤0 ) ⊂ I w and c −1 (R ≥0 ) ⊂ I b . We refer to the three kinds of bicolored intervals as white, black, and genuinely bicolored, respectively. The genuinely bicolored intervals are denoted pictorially as . A morphism of bicolored intervals I → J is an embedding φ : I → J of the underlying intervals that preserves the local coordinate and such that φ It has heretofore been a mystery how to compose arbitrary defects between conformal field theories. Conceiving of defects as higher bimodules and exploiting the technical framework of coordinate-free conformal nets, we introduce the crucial new operation of composition of defects:
Here ⊛ M is a fusion product over the conformal net M-this novel construction is described in the proof of Theorem 5 below.
Next we define sectors between defects. Let S 1 denote the standard unit circle in C. Let I ⊂ S 1 be an interval with i / ∈ ∂I and −i / ∈ ∂I, and either i / ∈ I or −i / ∈ I. Equip any such I with a bicoloring by letting I w be the subinterval of points with nonpositive real part, and I b be the subinterval of points with nonnegative real part. for each interval I ⊂ S 1 with i / ∈ ∂I, −i / ∈ ∂I, and either i / ∈ I or −i / ∈ I. These homomorphisms should be compatible in the sense that ρ K | I = ρ I for I ⊂ K, and local in the sense that the images of ρ I and ρ J should commute if I and J have disjoint interiors.
Pictorially, we depict a sector with its actions of the defects and nets as Proof of Theorem 5. We describe some of the most important data of the conformal net bicategory CN internal to (symmetric monoidal) categories. We first need a category CN 0 of objects, a category CN 1 of morphisms, and a category CN 2 of 2-morphisms. Conformal nets are functors Int → vNalg, and CN 0 is the category of conformal nets and their natural transformations. Similarly, defects are functors Int bicol → vNalg, and CN 1 is the category of defects and their natural transformations. Finally, CN 2 is the category of sectors and maps of sectors. The identity functor 1 : CN 0 → CN 1 is given on objects as follows. The identity defect 1 N from N to N evaluates on any bicolored interval I as 1 N (I) := N (I)-that is, simply forget the bicoloring. The vertical identity functor 1 : CN 1 → CN 2 is given on objects as follows. Let S 
Pictorially this equation becomes
Here for U , V , and W von Neumann algebras, with V op → U and V → W , the expression U ⊛ V W denotes the fiber product von Neumann algebra. By definition
where H and K are faithful left representations of U and W respectively; here ⊠ denotes Connes fusion and A ′B denotes the commutant of A in B. Next we describe the horizontal and vertical composition of 2-morphisms. Given nets M, N , and P, defects M D N , M E N , N F P , and N G P , and sectors D H E and F K G , the horizontal composition of H and
Here I is the interval [−π/3, π/3]; the algebra N (I) acts on H via the map I → S 1 , x → exp x and acts on K via the map I → S 1 , x → − exp(−x). Next, given nets M and N , defects M D N , M E N , and M F N , and sectors D H E and E K F , the vertical composition of H and K, denoted
Here J is the interval [π, 2π]; the algebra E(J) acts on H via the map J → S 1 , x → exp x and on K via the map J → S 1 , x → exp(−x). The most important piece of structure in a tricategory is the commutator between horizontal and vertical composition of 2-morphisms. In particular, for sectors
The construction of such an isomorphism can be reduced to the case when all the sectors H, L, K, and M are identity sectors, that is
. The construction of the isomorphism for identity sectors is a consequence of the following crucial result:
Theorem 6. Given conformal nets M, N , and P, and defects M D N and N E P , there exists a natural isomorphism of sectors
Dualizable nets and local field theories
Classification of local field theories. A 1-dimensional oriented topological field theory, that is a symmetric monoidal functor OrBord Conversely, any dualizable vector space V + is the image of the positively oriented point for a 1-dimensional oriented TFT. Hopkins and Lurie recognized that, replacing the orientation structure by a framed structure, the same is true in all dimensions:
) Given an n-dimensional framed local field theory with target C, that is a symmetric monoidal functor F : FrBord n 0 → C, the image of the positively framed point is a dualizable object F ( + ) ∈ C, and conversely any dualizable object of C is the image of the positively framed point under some framed local field theory. Remark 5. Hopkins and Lurie utilize a notion of symmetric monoidal n-category based on n-fold complete Segal spaces. Henceforth we operate under the assumption that when n = 3 that notion is comparable to our preferred notion of symmetric monoidal tricategory, namely bicategory in symmetric monoidal categories.
We recall the definition of a dualizable object in a symmetric monoidal n-category. An ncategory C is said to have adjoints for 1-morphisms if all 1-morphisms admit left and right adjoints in the homotopy 2-category of C. An n-category C has adjoints for k-morphisms, 1 < k < n, if all Hom (n−1)-categories Hom C (a, b) have adjoints for (k−1)-morphisms. Furthermore, a symmetric monoidal n-category C has duals if (1) every object has a dual in the homotopy category and (2) C has adjoints for all k-morphisms for 0 < k < n. An object of a symmetric monoidal n-category C is dualizable if it is in the maximal symmetric monoidal sub-n-category of C that has duals.
In light of the above relationship between local field theories and dualizability, it is a fundamental problem to classify the dualizable objects of target categories for field theory. This classification is known in dimensions 1 and 2: the dualizable objects of Vect are the finitedimensional vector spaces, and the dualizable objects of Alg = BVect are the algebras A that are finite-dimensional as vector spaces and projective as (A ⊗ A op )-modules. In this section we give the analogous classification in dimension 3 by classifying the dualizable conformal nets, that is objects of CN = B 2 Vect.
Finite nets are dualizable. As in the case of vector spaces and algebras, the dualizable nets are characterized by a strong finiteness property. For nets, the relevant invariant is a representation-theoretic dimension called µ-index. N ) ) for irreducible conformal nets in their (somewhat different than our) sense [6] . Here Dim(Rep(N )) is by definition the sum of the squared categorical dimensions of the irreducible representations of N . We expect the same equality is true in our context, and thus may think of an irreducible net with finite µ-index as, in the appropriate sense, finite dimensional. In general we call a conformal net finite if it is a finite direct sum of irreducible nets with finite µ-index.
We now describe a collection of finite conformal nets. Implicitly we use the fact that a net can be defined by specifying the cosheaf of algebras on the skeletal subcategory Int S 1 ⊂ Int of subintervals of S 1 .
Example 3 (Loop group nets [3, 11] ). For G = SU (n), let π : LG → LG be the level k central extension of the loop group LG. For I ⊂ S 1 , let L I G be the preimage under π of the loops supported in the interval I. Let ρ : LG → B(H 0 ) be the vacuum representation, and define the net N G,k as N G,k (I) := ρ(ℓ)|ℓ ∈ L I G . This net is finite [11, 10] . It is the net corresponding to the Wess-Zumino-Witten conformal field theory for the group manifold G, and to the vertex algebra associated to the affine Kac-Moody algebra Lg. The nets associated to the loop groups of other Lie groups are also expected to be finite. For example, combining the methods of Xu [10] and the results of Toledano [9] should produce a proof that N Spin(2n),k is finite.
In order to produce local field theories associated to these loop group conformal nets, we need to know that finite nets are dualizable. In fact, finiteness provides a complete description of dualizable nets: Finiteness of defects and sectors. We can not only classify the set of framed local field theories with target conformal nets, as in Theorem 2, but we can describe a 3-category of such local field theories. A morphism between local field theories is, by definition, a local field theory on 3-manifolds equipped with partitioning codimension-1 domain walls. A 2-morphism between such 1-morphisms is a local field theory on 3-manifolds with domain walls and partitioning codimension-1 submanifolds within the domain walls. A 3-morphism is in turn a local field theory accommodating point partitions within the submanifolds within the domain walls. Morphisms between net-valued local field theories are determined by dualizable defects, and more generally a 3-category of field theories is determined by explicitly identifying a sub-3-category CN fin ⊂ CN that has duals [4] . The morphisms and 2-morphisms of CN fin are characterized by the following finiteness properties. 
The bimodule
A defect is finite if it is a finite sum of finite irreducible defects. This result is particularly relevant because in this range of dimensions, a stably framed structure is equivalent to a string structure, which in turn is a slight refinement of the classical p 1 -structures (aka riggings) prevalent in the literature on 3-dimensional topological quantum field theory. Thus net-valued local field theories make direct contact with the existing formulations of 3-dimensional field theory.
We mention a conjectural relationship of conformal nets to another double deloop of vector spaces, namely tensor categories. Associated to a net N there is a braided monoidal category We conclude with a few examples.
Example 4 (Loop group fusion categories). We have already mentioned the dualizable net N G,k associated to a central extension of the loop group of G = SU (n), and its associated field theory (N G,k ) of the net N G,k is a fusion category thought to be isomorphic to the category Rep(LG, k) of representations of the loop group LG at level k. This fusion category Rep(LG, k) should be a dualizable tensor category, with its associated TC-valued local field theory F Rep(LG,k) : FrBord 3 0 → TC. The net-valued theory contains more information than the tensor-category-valued theory-for example, for a closed framed 3-manifold M , the associated 3-manifold invariants F Rep(LG,k) (M ) ∈ C and F N G,k (M ) ∈ C should satisfy
Example 5 (Moonshine net). Kawahigashi and Longo constructed a finite conformal net Moon, the Moonshine net, as a twisted orbifold construction on the net associated to the Leech lattice [5] . By Corollary 3 there is an associated net-valued local field theory. Kawahigashi and Longo prove that the automorphism group of the Moonshine net is the Monster group: Aut(Moon) = Monst. We therefore have a map from the classifying space of the Monster group into the space of local field theories. One among many open questions is whether the Moonshine net is higher Morita equivalent to the 24 th power of the Dirac fermion.
Example 6 (Link and surface invariants). As a consequence of Theorem 8, all of the aforementioned net-valued local field theories generalize to local field theories with insertions. In particular, given a finite net N , the associated local field theory can be evaluated on 3-manifolds with embedded links labeled by finite 2-morphisms V : 1 N → 1 N and on 3-manifolds with embedded surfaces labeled by finite endomorphisms D : N → N . The resulting invariants of 3-manifolds with embedded surfaces are new even for the loop group nets. Furthermore, the field theories for different nets can be combined: there are invariants for manifolds decorated by any number of interacting nets, defect-labeled walls, and sector-labeled embedded links.
